CHAPTER 8

Example Runs

“By their fruits you shall know them.”
— Matthew 7:20

“Imitate those who through faith and patience inherit the promises.”

— Hebrews 6:12

In this chapter we take the verification condition generator for the Sunrise
programming language presented in the last chapter, and apply it to prove several
example programs. We prove these programs totally correct within the HOL

theorem prover, and thus complete soundness is assured.

Given the veg function defined in the last chapter and its associated correct-
ness theorem, proofs of program correctness may now be partially automated with
security. This has been implemented as an HOL tactic, called VCG_TAC, which uses
the VCG soundness theorem to transform a given program correctness goal to be
proved into a set of subgoals which are the verification conditions returned by the
veg function. These subgoals are then proved within the HOL theorem proving
system, using all the power and resources of that theorem prover, directed by the

user’s ingenuity. The reliance on the VCG soundness theorem is the “faith” re-
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ferred to above, and the completion of the proofs within HOL by the programmer

is the “patience.” The “promise” is verified programs.

The VCG_TAC tactic has the ability to print a trace of its processing while
it works, which provides both a running commentary on its construction of the
implicit proof of the program’s correctness, and also provides the expressions
which serve as the annotations between commands in a skeleton of the program’s
proof. This trace may be turned on or off at the user’s will, by setting a global
flag. If it is turned off, nothing is printed until the verification condition subgoals

are displayed.

8.1 Quotient/Remainder

As a first example, we consider a program to compute the integer quotient and
remainder of a pair of numbers. We do not have division or remainder operators
present in the Sunrise programming language, so we will simulate them by an
algorithm of repeated subtraction. This example has no recursion; its purpose is

to demonstrate the syntactic analysis of the VCG.

Here is an expression of the quotient/remainder procedure, offered as a goal

for the VCG. The following is the actual text submitted to HOL:
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g [[ program
procedure quotient_remainder (var q,r; val x,y);
pre O < y;
post "x = q* "y+r /\r < y;

r := X;
q := 0;
assert "x = g * "y+r /NO<Ky /\ y=y
with r < °r
while “(r < y) do
r =1 -J;
q := t4q
od
end procedure;

quotient_remainder(q,r;7,3)
end program
Lg=2/\r=1]1]
1155

The double square brackets (“[L[” and “117) enclose program text which is
parsed into an HOL term containing the syntactic constructors that form the

program specification. This parser was made using the parser library of HOL.

guotient_remainder

Figure 8.1: Procedure Call Graph for Quotient/Remainder Program.

guotient_remainder

Figure 8.2: Procedure Call Tree for root procedure quotient remainder.

This program’s call graph is very simple, consisting of one procedure with no
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calls at all; it is shown in Figure 8.1. The call tree rooted at quotient remainder

is equally simple, shown in Figure 8.2.

Applying VCG_TAC to the program correctness goal with the tracing turned on

produces the following.

#e (VCG_TAC) ;;
OK..
For procedure ‘quotient_remainder‘,

By the "ASSIGN" rule, we have
[[{Cx=(@+ 1) * y+r /NO0O<y/\y=y)/\r< r}
q 1= ++g
{Cx=qx*x"y+rr/NO<y/\y=y) /\r < r} 1]

By the "ASSIGN" rule, we have
[[{Cx=@+ 1) * y+(r-y)/NO<y/\ y=y93)/\r-y3< - r}
r:=r -y
{Cx=(@+1)*x"y+r /NOoO<y /\"y=3)/\ 1< r}]]

By the "SEQ" rule, we have
[[{Cx=@+ 1) * y+(r-y)/NO<y/\ y=y93)/\r-y3< - r}
T =T - y; q = ++q
{Cx=qx*x"y+rr/NO<y/\y=y) /\r < r} 1]

By the "WHILE" rule, we have
[[{x=qx* "y+r/NO<y/\ " y=y}
assert "’x = q* "y+r /NO<y /\y=y
with r < “r
while “(r < y) do
T :i=r - y; q = ++q
od
{"x=q* "y+r /\r <y} 1]
with verification conditions
"L {(Cx=qx*x "y+r /NO<y /\y=73)/\ "(r<y)) /\
r="r ==>
Cx=(@+1) *x " y+(r-3) /No<y /\"y=73)/\
r-y< “rr1l;
[[{Cx=q* y+r /NO<y /\ y=3)/\ "(C(r <y)) ==>
"x=q* "y +r /\r<yr 111"
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[L{Cq=q/\"r=r/\ "x=x/\"y=3/\ true) /\ 0 <y ==>
"x =0 "y +x /NO<y /\ "y =y}1]

Examining the structure of the procedure call graph:
Traversing the call graph back from the procedure quotient_remainder:

By the call graph progress from procedure quotient_remainder
to quotient_remainder, we have
[[ {0 <y /\ true}

quotient_remainder-<>->quotient_remainder

{false} ]1]

For the main body,

By the "CALL" rule, we have
L {C0 < 3 /\ true) /\
('gqrxlyl. 7=q*x3+r /\Nr<3=>qg=2/\r=1}
quotient_remainder(q,r;7,3)

{g=2/\r=1}1]

By precondition strengthening, we have
[[ {true} quotient_remainder(q,r;7,3) {q =2 /\ r = 1} 1]
with additional verification condition
[[ {true ==> (0 < 3 /\ true) /\
('qgqrxlyl. 7=q*3+r /\r<3==>
qg=2/\r=1%}1]

4 subgoals
"0 < 3 /\
(tqrxt y1. (7T=(q*3)+r) /Nr<3==>(qg=2)/\(=1)"

"1"x q Ty ry.
(Cx=(qg*"y) +r) /NO<y /N Cy=y)) /\r <y ==
("x = (q* Ay) +r) /\ T« “y"

"1"x q "y ry "r.
((Cx=(@*"y) +) /NoO<y /\ Cy=73)) /\
r<y) /\ (r = ") ==>
(Cx=g+)*x"y)+(x-y))/NOo<y /N Cy=193))/\
(r - y) <"
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"1"gqq 'rr "xx "y y.
(Cqgq=aq) N Cr=) /N Cx=x)/\ Cy=9)) /N0 <y ==
Cx=(0=*"y) +x) /NO<y /\ Cy =y

() : void
These four subgoals, in this order, roughly correspond to the following claims:

e The main body is partially correct.

The loop invariant is sufficiently powerful.

e The loop invariant is maintained, and the progress expression decreases.

The procedure’s body is partially correct.

Of these four subgoals, all are readily solved. This proof has been completed
in HOL, yielding the following theorem. There are slight differences with the
original text, as this was prettyprinted according to a standard template.

|- [[ program
procedure quotient_remainder(q,r;x,y);
global ;
pre O < y;
post "x = q* "y +r /\Nr < "y;
recurses with false;

r :=x; q := 0;
"x=qx*x y+r /NO<y /\ y=y5
with r < "r
while “(r < y) do
r :=r - y; q = ++q
od
end procedure;

assert

quotient_remainder(q,r;7,3)
end program

lg=2/\r=1] 1]
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8.2 McCarthy’s “91” Function

As a second example, we consider McCarthy’s “91” function. The purpose of this
example is to introduce recursion in a single procedure which calls itself, and also

to show a nontrivial verification condition.

We define the function f91 as
f91 = dy.y > 100 => y—10 | f91(f91(y + 11)).
We claim that the behavior of f91 is such that
f91 = Ay.y > 100 => y —10 | 91,

which is not immediately obvious. Not only is this an interesting partial correct-
ness statement, but the termination of this function is also not easily transparent.
We claim that the behavior of f91 is such that the value of the expression 101 —y,
where subtraction is restricted to yielding nonnegative values, strictly decreases
for every (recursive) call, measured from the state at time of an entrance, to the

state at time of recursive entrance.

Here is an expression of the “91” function as a procedure, offered as a goal

for the VCG. The following is the actual text submitted to HOL:
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g [[ program
procedure p91i(var x; val y);
pre true;

post 100 < "y => x ="y - 10 | x = 91;
calls p921 with 101 - y < 101 - “y;
recurses with 101 - y < “z;
if 100 < y then x :=y - 10
else

p91(x; y + 11);

p91(x; x)
fi

end procedure;
p9i(a; 77)
end program

[ a=291]
1155

pgl':) 101-y<101-Yy

Figure 8.3: Procedure Call Graph for McCarthy’s “91” Program.

Now the procedure call graph is given in Figure 8.3. Applying the graph
traversal algorithm, beginning at the node p91, we generate the call tree in Figure

8.4, with the undiverted recursion verification condition VC1.

Applying VCG_TAC to the program correctness goal with the tracing turned on
produces the following.
#e (VCG_TAC) ;;

OK..
For procedure ‘p91°¢,
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VC1

Y
p91 OXyj. (101—y; <101-y) O (101-y; <?)

pol 101-y<7

Figure 8.4: Procedure Call Tree for root procedure p91.

By the "ASSIGN" rule, we have
[[ {(100 < "y =>y -10= "y -10 | y - 10 = 91)}
x :=y - 10
{100 < "y =>x ="y - 10 | x =91)} 1]

By the "CALL" rule, we have
[[ {(true /\ 101 - x < 101 - ~“y) /\
('x1 y1. (100 < x => x1 = x - 10 | x1 = 91) ==>
(100 < "y => x1 = "y - 10 | x1 = 91))}
p91(x;x)
{100 < "y =>x ="y - 10 | x =91)} 1]

By the "CALL" rule, we have
[[ {(true /\ 101 - (y + 11) < 101 - "y) /\
('x y1. (100 <y + 11 => x = (y + 11) - 10 | x = 91) ==>
(true /\ 101 - x < 101 - “y) /\
('x1 y1. (100 < x => x1 = x - 10 | x1 = 91) ==>
(100 < "y => x1 = "y - 10 | x1 = 91)))}
p91(x;y + 11)
{(true /\ 101 - x < 101 - “y) /\
('x1 y1. (100 < x => x1 = x - 10 | x1 = 91) ==>
(100 < "y => x1 = "y - 10 | x1 = 91))} 1]
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By the "SEQ" rule, we have
[[ {(true /\ 101 - (y + 11) < 101 - "y) /\
('x y1. (100 <y + 11 => x = (y + 11) - 10 | x = 91) ==>
(true /\ 101 - x < 101 - “y) /\
('x1 y1. (100 < x => x1 =x - 10 | x1 = 91) ==
(100 < "y => x1 = "y - 10 | x1 = 91)))}
p91(x;y + 11); p91(x;x)
{(100 < "y => x = "y - 10 | x = 91O} 1]

By the "IF" rule, we have
[[ {(100 < y => (100 < "y =>y - 10 = "y - 10 | y - 10 = 91)
| (true /\ 101 - (y + 11) < 101 - ~y) /\
('x y1. (100 <y + 11 =>x = (y + 11) - 10 | x = 91) ==>
(true /\ 101 - x < 101 - ~y) /\
('x1 y1. (100 < x => x1 = x - 10 | x1 = 91) ==
(100 < "y => x1 = "y - 10 | x1 = 91)) N}
if 100 < y then x := y - 10 else p91(x;y + 11); p91(x;x) fi
{100 < "y =>x ="y - 10 | x =91)} 1]

By precondition strengthening, we have
[[{Cx=x/\ "y =y /\ true) /\ true}
if 100 < y then x := y - 10 else p91(x;y + 11); p91(x;x) fi
{100 < "y =>x ="y - 10 | x =91)} 1]
with additional verification condition
[(L{Cx=x/\ "y =73 /\ true) /\ true ==
(100 < y => (100 < "y =>y - 10 = "y - 10 | y - 10 = 91)
| (true /\ 101 - (y + 11) < 101 - ~y) /\
('x yi.
(100 <y + 11 => x = (y + 11) - 10 | x = 91) ==>
(true /\ 101 - x < 101 - “y) /\
('x1 y1. (100 < x => x1 =x - 10 | x1 = 91) ==
(100 < "y => x1 = "y - 10 | x1 = 91)))} 1]

Examining the structure of the procedure call graph:

Traversing the call graph back from the procedure p91:

By the call graph progress from procedure p91 to p91, we have
[[ {true /\ (!x y1. 101 - y1 < 101 - y ==> 101 - y1 < ~z)}

p91-<>->p91
{101 - y < ~z} 1]
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Generating the undiverted recursion verification condition
[[ {true /\ 101 - y = "z ==>
('x y1. 101 - y1 < 101 - y ==> 101 - y1 < “z)} 1]

For the main body,

By the "CALL" rule, we have
(L {(true /\ true) /\
(la y1. (100 < 77 => a =77 - 10 | a = 91) ==> a = 91)}
p91(a;77)
{a = 91} 1]

By precondition strengthening, we have
[[ {true} p91(a;77) {a = 91} 1]
with additional verification condition
[[ {true ==> (true /\ true) /\
(ta y1. (100 < 77 => a =77 - 10 | a = 91) ==>
a =91} 1]

3 subgoals

"ta y1. (100 < 77 => (a =77 - 10) | (a = 91)) ==> (a = 91"

"y =z,
(101 - y = "z) ==> ('x y1. (101 - y1) < (101 - y) ==>
(101 - y1) < ~=z)"
"1"x x "y vy.
Cx=x) /\ Cy =y) ==>
(100 < y =>
(100 < "y => (y - 10 = “y - 10) | (y - 10 = 91)) |

((101 - (y + 11)) < (101 - ~y) /\
('x’ y1.
(100 < (y + 11) => (x? = (y + 11)
(101 - x?) < (101 - ~y) /\
('x1 y1°.
(100 < x’ => (x1
(100 < "y => (x1

10) | (x? = 91)) ==>

x’ - 10) | (x1
"y - 10) | (x1

91)) ==>
91N

) : void

These three subgoals, in this order, roughly correspond to the following claims:
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e The main body is partially correct.

e The value of the recursion expression of the procedure strictly decreases

across an undiverted recursion call (VCI)
e The procedure’s body is partially correct.

Of these three subgoals, the first two are readily solved. The last verification
condition is proven by taking four cases: y < 90; 90 < y < 100, y = 100, and
y > 100. This proof has been completed in HOL, yielding the following theorem:

|- [[ program procedure p91(x;y);
global ;
pre true;
post (100 < "y => x = "y - 10 | x = 91);
calls p91 with 101 - y < 101 - 7y;
recurses with 101 - y < ~z;

if 100 < y
then x :=y - 10
else p91(x;y + 11); p91(x;x)
fi
end procedure; p91(a;77) end program
[a = 91] 1]

8.3 0Odd/Even Mutual Recursion

As a third example, we consider the odd/even program presented originally in
Table 6.1. The purpose of this example is to demonstrate mutual recursion. We
have analyzed this program fairly extensively in the last two chapters in terms of

its procedure call graph. Now we will prove it totally correct using VCG_TAC.

Here is the odd/even program as a goal for the VCG. The following is the

actual text submitted to HOL:
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g [[ program
procedure odd(var a; val n);
pre true;
post (?b."n = 2*b + a) /\ a < 2 /\ n = “n;
calls odd with n < “n;
calls even with n < “n;
recurses with n < “n;

0
else if n = 1 then even(a; n-1)
else odd (a; n-2)

if n = 0 then a:

fi
fi
end procedure;

procedure even(var a; val n);
pre true;
post (?b."n + 1 = 2%b + a) /\ a <2 /\ n= "n;
calls even with n < “n;
calls odd with n < “n;
recurses with n < “n;
if n = 0 then a:=1
else if n = 1 then odd (a; n-1)
else even(a; n-2)
fi
fi
end procedure;

odd(a; 5)

end program
La=1]
1155
Now the procedure call graph is given in Figure 8.5. Applying the graph
traversal algorithm, beginning at the node odd, we generate the call tree in Figure
8.6, with two undiverted recursion verification conditions, VC1 and VC2, and one

diversion verification condition, VC3.
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Figure 8.5: Procedure Call Graph for Odd/Even Program.
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Figure 8.6: Procedure Call Tree for root procedure odd.
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Figure 8.7: Procedure Call Tree for root procedure even.
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Applying the graph traversal algorithm, beginning at the node even, we gen-
erate the call tree in Figure 8.7, with one diversion verification condition, VC4,

and two undiverted recursion verification conditions, VC5 and V(6.

Applying VCG_TAC to the program correctness goal with the tracing turned on
produces the following output. In this example, we are primarily interested in
the proof of termination by analyzing the structure of the procedure call graph.
This section of the trace follows the line “Examining the structure of the

procedure call graph:” in the following transcript.

#e (VCG_TAC) ;;
OK..
For procedure ‘odd‘,

By the "ASSIGN" rule, we have

[[ {(?b. mn=2*xb +0) /\N\N0O<<2 /\n="n}
a :=0
{(?b. mn=2%«b+a)/\a<2/\n="n} 1]

By the "CALL" rule, we have
[[ {(true /A n - 1 < "n) /\

('a n2.

(b. (n - 1) +1=2%«b+a) /Na<2/\n2=n-1-==>
(*b. n=2*b+a) /\Na<2/\n="n)}
even(a;n - 1)
{(*b. n=2*xb+a) /\a<2/\n="n} 1]
By the "CALL" rule, we have
[[ {(true /\ n - 2 < "n) /\
('an2. (b. n-2=2%*«b+a) /Na<2/\n2=n-2-==>

(b. n=2x*xb+a) /\a<2/\n="n)}
odd(a;n - 2)
{(?b. mn=2*b+a) /\a<2/\n="n} 1]
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By the "IF" rule, we have

[[{(n=1
=> (true /\' n - 1 < “n) /\
('a n2.
(?b. (n - 1) + 1 =2 b+ a) /\
a <2 /\
n2=n-1==> (. n=2x*b+a) /\a<2/\n="n)
| (true /\' n - 2 < "n) /\
('a n2.
(*b.n-2=2*xb+a) /\Na<2/\n2=n-2 ==>

(?b. n=2x*xDb+a)/\a<2/\n="n)}
if n = 1 then even(a;n - 1) else odd(a;n - 2) fi
{(?b. mn=2%«b+a)/\a<2/\n="n} 1]

By the "IF" rule, we have
[L{(n=0=> (. 'n=2*xb+0) /N0O<<2/\n="n
| (n=1=> (true /A n - 1 < "n) /\
(tan2. (?b. (n - 1) +1=2x%xDb+ a) /\
a< 2 /\
n2 =n -1 ==>
(b. "n=2*b +a) /\a<2/\n= "n)
| (true /\ n - 2 < “n) /\
(tan2. (?b. n-2=2%Db+ a) /\
a <2 /\
n2 =n - 2 ==>
(b. n=2x*xb+a) /\Na<2/\n="n))}
ifn=20
then a := 0
else if n = 1 then even(a;n - 1) else odd(a;n - 2) fi
fi
{(*b. n=2*xb+a) /\a<2/\n="n} 1]

By precondition strengthening, we have
[[ {CCa=2a/\ "n=n/\ true) /\ true}
ifn=20
then a := 0
else if n = 1 then even(a;n - 1) else odd(a;n - 2) fi
fi
{(*b. n=2*xb+a) /\a<2/\n="n} 1]
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with additional verification condition
[[ {Ca=2a/\ "n=n/\ true) /\ true ==>

(n=0=>(M. n=2%xb+0) /N0O<2/\n="n

| (n =1
=> (true /\'n - 1 < “n) /\
(tan2. (7b. (n -1) +1 =2
a <2 /\
n2 =n -1 ==>
(?b. "n =2 *x b + a)
| (true /\ n - 2 < “n) /\
('an2. (b. n-2=2x%Db +
a <2 /\
n2 =n - 2 ==>

(b. "n =2 xb + a)
a <2 /\
n="n)))} 1]

For procedure ‘even‘,

By the "ASSIGN" rule, we have
[L{(*b. m+1=2x%xDb+1) /N1<2/\n
a =1
{*b. n+1=2*xDb+a)/\Na<2/\n

By the "CALL" rule, we have
[[ {(true /A n - 1 < "n) /\
(tan2. (?b. n-1=2%b+a) /\ ac<?2

(b. n+1=2x%xb+a) /\Na<2/\n

odd(a;n - 1)
{(?b. n+1=2%xb+a) /\Na<2/\n

By the "CALL" rule, we have
[[ {(true /\ n - 2 < "n) /\
('a n2.
(?b. (n-2) +1=2*xb+a) /\ac<?
(b. n+1=2*xb+a)/\Na<2/\n
even(a;n - 2)
{(*b. n+1=2x*xb+a) /\Na<2/\n
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By the "IF" rule, we have
[[ {ta=1=>(true /\' n - 1 < "n) /\
('a n2.
(*b. n-1=2*b+a) /\ a<2/\n2
(b. n+1=2*b+a) /\Na<2/\n
| (true /\ n - 2 < "n) /\
(tan2. (?b. (n - 2) +1=2=x%xDb+ a) /\
a <2 /\
n2 =n - 2 ==>
(b. n+1=2*b+a) /\Na<2/\n="n))}
if n = 1 then odd(a;n - 1) else even(a;n - 2) fi
{(b. n+1=2x*xb+a) /\a<2/\n="n} 1]

n-1==>

n)

By the "IF" rule, we have
[L{(n=0=> (. n+1=2%xb+1) /\N1<2/\n="n
| (n=1=> (true /A n - 1 < "n) /\
('a n2.
(?b. n-1=2x*b+ a) /\
a< 2 /\
n2 =n -1 ==>
(b. n+1=2%+«b+a)/\a<2/\n="n)
| (true /\ n - 2 < “n) /\

('a n2.
(b. (n -2)+1=2x%xDb+ a) /\
a <2 /\

n2 =n - 2 ==>
(b. n+1=2*b+a) /\Na<2/\n="n)))}
ifn=20
then a := 1
else if n = 1 then odd(a;n - 1) else even(a;n - 2) fi
fi
{(b. n+1=2x*xb+a) /\a<2/\n="n} 1]

By precondition strengthening, we have
[[ {CCa=2a/\ "n=n/\ true) /\ true}
ifn=20
then a := 1
else if n = 1 then odd(a;n - 1) else even(a;n - 2) fi
fi
{(b. n+1=2x*xb+a) /\a<2/\n="n} 1]
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with additional verification condition
[[ {Ca=a/\ "n=n/\ true) /\ true ==
(n=0=>((b. n+1=2%xb+1) /N1 <2/\n="n
| (n=1=> (true /A n - 1 < "n) /\
('a n2.
(?b. n-1=2x*b+ a) /\
a< 2 /\
n2 =n -1 ==>
(b. n+1=2%+«b+a)/\a<2/\n="n)
| (true /\ n - 2 < “n) /\
('a n2.
(?b. (n - 2) +1=2%b+a) /\
a<2/\n2=n-2 ==
(. n+1=2x*xb+a) /\Na<2/\n="n)))} 1]

Examining the structure of the procedure call graph:
Traversing the call graph back from the procedure even:

By the call graph progress from procedure even to even, we have
[[ {true /\ ('a nl. nl < n ==>nl < “n)} even-<>->even {n < "n} 1]

Generating the undiverted recursion verification condition
[[ {true /A n = "n ==> (!anl. nl < n ==>nl< "n)} 1]

By the call graph progress from procedure odd to even, we have
[[ {true /\ (ta nl. nl < n ==>nl < "n)} odd-<>->even {n < “n} ]]

By the call graph progress from procedure even to odd, we have
[[ {true /\ (!a nl. n1 < n ==> ('a n2. n2 < n1 ==> n2 < "n))}
even-<>->odd
{tanl. nl < n ==>nl1< "n} 1]

Generating the undiverted recursion verification condition
[[ {true /\ n = "n ==>
(!anl. n1 <n ==> ('an2. n2 < nl ==>n2 < “n))} 1]

By the call graph progress from procedure odd to odd, we have
[[ {true /\ (!a nl. n1 < n ==> ('a n2. n2 < n1 ==> n2 < "n))}
odd-<>->0dd
{tanl. nl < n ==>nl1< "n} 1]
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Generating the diversion verification condition
[[ {(!anl. n1 <n ==>nl1< "n) ==
(!anl. n1 <n ==> ('an2. n2 < nl ==>n2 < “n))} 1]

Traversing the call graph back from the procedure odd:

By the call graph progress from procedure even to odd, we have
[[ {true /\ (ta nl. nl < n ==>nl < "n)} even-<>->odd {n < “n} ]]

By the call graph progress from procedure even to even, we have
[[ {true /\ (!a nl. n1 < n ==> ('a n2. n2 < n1 ==> n2 < "n))}
even-<>->even
{tanl. nl < n ==>nl1< "n} 1]

Generating the diversion verification condition
[[ {(!anl. n1 <n ==>nl1< "n) ==
(!anl. n1 <n ==> ('an2. n2 < nl ==>n2 < “n))} 1]

By the call graph progress from procedure odd to even, we have
[[ {true /\ (!a nl. n1 < n ==> ('a n2. n2 < n1 ==> n2 < "n))}
odd-<>->even
{tanl. nl < n ==>nl1< "n} 1]

Generating the undiverted recursion verification condition
[[ {true /\ n = "n ==>
(!anl. n1 <n ==> ('an2. n2 < nl ==>n2 < “n))} 1]

By the call graph progress from procedure odd to odd, we have
[[ {true /\ (!a nl. n1 < n ==>nl < "n)} odd-<>->o0dd {n < “n} 1]

Generating the undiverted recursion verification condition
[[ {true /A n = "n ==> (!anl. nl < n ==>nl< "n)} 1]

For the main body,

By the "CALL" rule, we have
[[ {(true /\ true) /\
(tant. (?b. 5=2%*«Db+a) /\a<2/\nl=5==>a=1)}
odd(a;5)
{a =1} 1]
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By precondition strengthening, we have
[[ {true} odd(a;5) {a = 1} 1]
with additional verification condition
[[ {true ==>
(true /\ true) /\
('anil. (*b. 5=2*xb +2a) /\a<2/\nl=5-==>a=1)}1]

9 subgoals
"tanil. (?b. 5= (2 *xDb) +a) /\Na<2/\ (nl=25)==>(a=1"

"In “n. (n n) ==> (!anl. nl < n ==>nl < "n)"

"In “n. (n = "n) ==> (anl. nl <n ==> ('a’> n2. n2 < nl ==> n2 < “n))"

"In “n.
('anl. nl1 <n ==>nl1 < “n) ==>
('anil. n1 <n ==>('a’ n2. n2 < nl ==> n2 < “n))"

"In “n.
('anl. nl1 <n ==>nl1 < “n) ==>
('anil. n1 <n ==>('a’ n2. n2 < nl ==> n2 < “n))"

"In “n. (n n) ==> ('anl. nl <n ==> ('a’ n2. n2 < nl1 ==> n2 < “n))"

"In “n. (n “n) ==> ('anl. n1 < n ==>nl1 < ~“n)"

"1"a a “n n.
(Ca=a2a) /\ Cn =n) ==>
((n=0) =
((?b. m+1=(2x*xb)+1) /\N1<2/\ (n="n)) |
((n=1) =>
((n - 1) <"n /\
('a’ n2.
(*b.n-1=(@2*xb) +a’) /\Na <2 /\ (n2=n-1) ==>
(b. m+1=(2x*xb) +a) /\Na <2/\ (n="n)) |

((n - 2) < n/\

('a’ n2.
(b. (n - 2) +1=(2%*Db) +a) /\Na <2 /\ (n2=n-2) ==>
(b, m+1=(2*b)+a’) /\a <2/\(o="n))N"
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"I"a a "n n.

(tfa=a) /\ ("n =n) ==>

((n=0) =
((*b. n=(2*xb) +0) /N0<2/\ (n="n) |
((n=1) =>

((n - 1) <"n /\

('a’ n2.

(b. (n - 1) +1=(2%*Db) +a) /Na <2 /\ (n2=n-1) ==>
(*b. n=(2*xDb) +a’) /\Na <2/\ (n="n))) |

((n - 2) < n/\

('a’ n2.
(*b.n-2=(@2*xb) +a’) /\Na <2 /\ (n2=n-2) ==>
(*b. n=(2x*xDb) +a) /\Na <2 /\ (n="n)))N"

) : void

These nine subgoals, in this order, roughly correspond to the following claims:

e The main body is partially correct.

e The value of the recursion expression of the procedure odd strictly decreases

across the undiverted recursion path odd — odd (VC1).

e The value of the recursion expression of the procedure odd strictly decreases

across the undiverted recursion path odd — even — odd (VC2).

e The diversion of even in even — even — odd does not interfere with the

recursive progress of the procedure odd (VC3).

e The diversion of odd in odd — odd — even does not interfere with the

recursive progress of the procedure even (VC4).

e The value of the recursion expression of the procedure even strictly de-

creases across the undiverted recursion path even — odd — even (VC)).
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e The value of the recursion expression of the procedure even strictly de-

creases across the undiverted recursion path even — even (VC6).
e The body of procedure even is partially correct.

e The body of procedure odd is partially correct.

Of these nine subgoals, three have to do with syntactic structure partial cor-
rectness, four have to do with undiverted recursion, and two have to do with

diversions.

All of these subgoals are readily solved. This proof has been completed in

HOL, yielding the following theorem:
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|- [[ program
procedure odd(a;n);
global ;
pre true;
post (?b. n =2 *x b+ a) /\a<2/\n= "n;
calls odd with n < “n;
calls even with n < “n;
recurses with n < “n;

ifn=20
then a := 0
else if n =1
then even(a;n - 1)
else odd(a;n - 2)
fi
fi
end procedure;
procedure even(a;n);
global ;
pre true;
post (?b. “'n+ 1 =2x*b +a) /\ a<2/\n= "n;
calls even with n < “n;
calls odd with n < “n;
recurses with n < “n;

ifn=20
then a := 1
else if n =1
then odd(a;n - 1)
else even(a;n - 2)
fi
fi
end procedure;

odd(a;5)
end program
[a = 1] 1]
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8.4 Pandya and Joseph’s Product Procedures

In 1986, Pandya and Joseph described a new rule for the total correctness of
procedure calls, improving on the earlier proposal of Sokotowski. Sokolowski used
a recursion depth counter to track the current depth of each call, and required
the counter to decrease by exactly one for every call of every procedure. This
supported the proof of the termination of procedures, because it did not allow
infinite recursive descent. However, Pandya and Joseph showed how even for
simple programs, the use of Sokolowski’s rule could lead to the use of predicates
which were complex and non-intuitive. They eased Sokolowski’s requirement that
the recursion depth counter decrease by one for every call, by choosing a subset
of the procedures as “header” procedures. Then the recursion depth counter was

required to decrease by one only for calls of header procedures, not the others.

Pandya and Joseph state that this leads to proofs which are simpler and more
intuitive, reducing the programmer’s burden of encoding information about the
number of iterations into the recursion depth counter. This does not eliminate
the burden, however, but simply reduces the number of procedures whose calls

must be counted.

The new rule they proposed they classified as syntax-directed, as opposed to
data-directed. A data-directed rule reasons about the full semantics of the state of
the program, and the values of all variables. A syntax-directed rule, on the other
hand, reasons about an object which is syntactically built of subcomponents
by assembling the proofs about the components. Syntax-directed reasoning is

significantly simpler than data-directed reasoning, if it is semantically valid.

We have taken this idea further, and have introduced rules that deal with the

201



structure of the procedure call graph, and not only the syntax of the program.
This provides even more structure to organize the proof of termination of the

procedures, and eliminates the need for recursion depth counters.

To illustrate their arguments, Pandya and Joseph have presented an algorithm
using three procedures to compute the product of two numbers. In this section,
we will present the program (see Figure 8.8) and their proof, and then show how
we would prove the program in our system with equal ease. Actually, the proof
they present is not complete, but takes the form of a proof skeleton, where the
program is shown annotated with assertions between commands that show the
conditions that are true at each point in the control structure. We will likewise
present such a proof skeleton. We had originally hoped to present an automated
proof like the other examples in this chapter, but the example program that
Pandya and Joseph present contains several operators, predicates even and odd
and binary operator div to compute integer division, which we have not yet
included in the Sunrise language. In the future we expect to add these, and
then run the example completely through. For now we offer a proof skeleton

constructed by hand.

In Figure 8.8 we see the three procedures of this program. The purpose of this
program is to multiply two numbers a and b and leave the result in variable z.
None of these procedures takes any parameters, but instead they communicate
through global variables, as Pandya and Joseph designed them. The procedure
product tests y to see if it is even or odd, and calls evenproduct or oddproduct
accordingly to perform the multiplication. oddproduct reduces the problem to an

“even” situation by subtracting one from y and simultaneously adding = to z,
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procedure product(; );
global z,y,z,a,b;
pre 24 ax*ky = ax*b;
post z=ax*b

if even(y) then evenproduct(;)
else oddproduct(;)
fi

end procedure;

procedure oddproduct(;);
global =z,y,z2,a,b;
pre Z—|—x>|<y:a>|<b/\0dd(y),

post z=ax*b
y =y -1
zi=z+x;

evenproduct(;)
end procedure;

procedure evenproduct(; );
global z,y,z,a,b;
pre z4+aky=axb A even(y);
post z=ax*b

if y = 0 then skip

else = :=2x%ux;
y:=ydiv 2;
product(;)

fi

end procedure;

Figure 8.8: Pandya and Joseph’s Product Procedures.
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and then calls evenproduct to complete the multiplication. evenproduct in turn
tests y to see if it is zero; if it is, then the multiplication is complete and the
procedure terminates; otherwise, if y is not zero, then evenproduct reduces the
problem to a “lesser” situation by dividing y by 2 and multiplying = by 2, at

which point evenproduct calls product on the “lesser” situation.

Using one of the more traditional approaches such as Sokotowski’s, Pandya
and Joseph have shown that one would need to encode the depth of recursion in
a predicate which was quite complex, even for this simple example. They could
only find a recursive form for it, and even that was only an approximate estimate
of the depth of recursion. They then presented their method of only requiring
the depth counter to decrease for header procedures. Taking in this example the
header procedures to consist solely of the procedure product, they present the

proof skeleton given in Figures 8.9 and 8.10, with boxes enclosing assertions.

procedure product(; );
global z,y,z,a,b;
pre @) z+axxy=axb N y<u;
post z=axb

if even(y) then |z4ax*xy=a*xb A y <t A even(y)|... ¢(7)

evenproduct(;)

‘z:a*b‘

else |z4axy=axb A y<i A odd(y)| ... qlt)
oddproduct(;)

z=ax*bh

fi

end procedure;

Figure 8.9: Pandya and Joseph’s Proof Skeleton for procedure product.
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procedure oddproduct(; );
global z,y,z,a,b;
pre G): z+axy=axb A y<i A odd(y);

post z = ax*b
yi=y—1
zi=z+x;

z4axy=a*xb A y<i A even(y)|... q(7)

evenproduct(;)
‘z = a* b‘
end procedure;

procedure evenproduct(; );
global z,y,z,a,b;
pre g(1): z+axy=axb A y<i A even(y);

post z = ax*b

ify=0

then ‘z—l—x*y:a*b ANy=0
skip
‘z:a*b‘

else z4a*xy=axb A 0<y<i A even(y)

z+axy=axb A (ydiv2) <i—1
T = 2% x;

y =y div 2;

‘z—l—x*y:a*b A ygi—l‘... qp(z —1)
product(;)

z=ax*b
fi

end procedure;

Figure 8.10: Pandya and Joseph’s Proof Skeletons for procedures oddproduct and

evenproduct.
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To motivate this proof, Pandya and Joseph state

On each successive call to the procedure product the value of y be-
comes y div 2. Thus we can argue that the procedure product ter-
minates because on each successive call to product, the value of y
decreases, and if a call to product is made with y = 0 then no further
recursive call to product is made. It is possible to give a simple total
correctness proof based on the above argument using induction over

the number of calls to product active at any instant.

Pandya and Joseph leave it to the reader to verify this annotated proot skeleton,
and we will do the same. They presented a proof of its termination, using a
mathematical induction argument based on the value of ¢. Their rule depended
on the existence of predicates gx(¢), for which the variable ¢ is the recursion
depth counter, here only counting calls to the header procedure product. Pandya
and Joseph’s argument is that one can prove y < i, which is far more natural
and a great improvement over the expression which would arise from making ¢ a
counter of all procedure calls. However, in our version we can eliminate the use
of ¢ entirely, and thus our system is even simpler and more natural, and at the

same time more general.

We present our annotated proof skeleton of this program in Figures 8.11 and
8.12. Since this is a hand proof, we have performed some obvious simplifications

to clarify the formulas.
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procedure product(; );
global z,y,z,a,b;
pre ztaxy=axb
post z=ax*b
calls evenproduct with y = y;
calls oddproduct with y = y;
recurses with y < ¥;

even(y) => zda*xy=a*xb A even(y) N y=y9
| z4axxy=axb A oddly) N y=1y

if cven(y) then | z4+ax*xy=axb A cven(y) A y=79

evenproduct(;)
z=ax%*b

else z4axxy=ax*xb A oddly) N y=1y
oddproduct(;)

‘z:a*b‘

fi

end procedure;

procedure oddproduct(;);
global =x,y,z,a,b;
pre Z_I_x*y:a*b/\Odd(y),

post z=ax*b
calls evenproduct with y < y;
recurses with vy < y;

(z+a)+ax(y—1)=a*xb A even(y—1) N y—1<y

yi=y—1
zi=z+x;

zHaxy=a*xb A even(y) N y <y

evenproduct(;)

z=ax*b

end procedure;

Figure 8.11: Sunrise Proof Skeletons for procedures product and oddproduct.
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procedure evenproduct(; );
global z,y,z,a,b;
pre z+axy=axb A even(y);

post z=ax*b
calls product with y < y;
recurses with vy < y;

y:o => Z:a*b
| z4+2*x2)*x(ydiv2)=a*xb A ydiv2<y

ify=0

then |z=axb
skip
‘z:a*b‘

else 24+ 2*x2)x(ydiv2)=a*xb A ydiv2<y
T = 2%
y:=ydiv 2;
‘z—l—x*y:a*b A y<§‘
product(;)

‘z:a*b‘
fi

end procedure;

Figure 8.12: Sunrise Proof Skeleton for procedure evenproduct.
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The analysis of the syntax of these three procedures generates three verifi-
cation conditions, for the partial correctness of each body. These verification

conditions are

l. z4ao*xy=a*xb AN y=9y =
(even(y) => z+4azxy=axb A cven(y) N y=19y
| z4axy=axb A oddly) N y=1y )

2. z4a*xy=ax*xb A oddly) N y=y =
(z+a)tax(y—1)=a*xb A even(y—1) N y—1<y

~

3. z4+axy=axb A even(y) AN y=9y =
| 24+ @2*a)x(ydiv2)=ax*xb A ydiv2<y )

for the partial correctness of the bodies of product, oddproduct, and evenproduct,

respectively.

The procedure call graph for Pandya and Joseph’s product program is given

in Figure 8.13.

product

el

oddproduct —» evenproduct

Figure 8.13: Procedure Call Graph for Pandya and Joseph’s Product Program.
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Applying the graph traversal algorithm, beginning at the node product, we
generate the call tree in Figure 8.14, with the following two undiverted recursion

verification conditions, VC1 and VC2.

VC1 VC2

| y
Oy1. (ya<y) O (Byz. (y2<y1) U
: (Oys. (Y3<y2) O (y3<))

Y

Oyz 1 =y) O @y (2<y) O (2<%)
oddproduct

Oy (y1<y) O
@yz- (Y2<y) O (y2<%)

Oyr- (1<) O (y1<9)

Figure 8.14: Procedure Call Tree for root procedure product.

VCl: z+zx*xy=a*xb N y=9y =
Vyr. =y = (V2. y2 <1 = y2 < ¥))

VC2: z+zx*xy=a*xb N y=9y =
(Vyr. =y = (V2. 2 <1 = (Vys. y3 < y2 = ys < 9)))
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Applying the graph traversal algorithm, beginning at the node oddproduct,
we generate the call tree in Figure 8.15, generating one diversion verification

condition, VC3, and one undiverted recursion verification condition, VC4:

VC3 vVC4

Oys. (1=Y) 0 Oy (2<yD) O (s 05=y2) 0 (3 <)

i
oddproduct

Oyr. (Yo <y) O (Oyz. (Y2<yp O
(Oys. (y3=y2) O (y3<$))

evenproduct ) Oyi. (y1<y) O (Oya. (2=y1) O (y2<9)

product Oys 1 =y) O (1<%

oddproduct ) y<¥

Figure 8.15: Procedure Call Tree for root procedure oddproduct.

VC3: (Vyiyi=y =y <j) =
Vyr. =y = (Vy2. 2 <1 = (Vys. ys = y2 = ys < 9)))

VC4: z4a*xy=ax*xb A oddly) N y=9y =
(V1.1 <y = (Vyz. y2 <1 = (Yys. ys = y2 = y3 < 7))
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Applying the graph traversal algorithm, beginning at the node evenproduct,
we generate the call tree in Figure 8.16, generating the following two undiverted

recursion verification conditions, VC5 and VC6.

VC5 VC6

Oyr v <) O (Oyz. (v2=y1) U

(Oyz (y3<y2) O (y3<))

Oyr- (1<) O (@yz (v2=yD) O (y2<%)

Oyr- (v1=y) O (1<%

Oyi. (y1=y) O
@yz- (Y2<y) O (y2<9)

oddproduct ) Oyi. (y1<y) O (1<%

evenproduct

Figure 8.16: Procedure Call Tree for root procedure evenproduct.

VC5: z4axy=ax*xb A even(y) A y

=y =
V. i <y = Vyo. y2 =91 = 12 <

)

y
J

VC6: z+a*xy=a*xb A cven(y) N y=19y =
(Vy1. i <y = (Vy2. 2 =1 = (Vys. ys < y2 = ys < 9)))

All of these verification conditions are readily proved. This completes our

proof of Pandya and Joseph’s Product Procedures example.
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8.5 Cycling Termination

As a fifth example, we choose a program specifically to show the strengths of our
approach to proving programs correct. The program has two mutually recursive
procedures, like the odd/even program, but here there is a difference in the
measurable progress across the various arcs of the call graph. In particular,
across one of the arcs of the call graph, there is no progress at all, in that the
state does not change. This would pose difficulties for the other methods of
proving termination, because they expect that a recursion depth counter would
decrease for every call. Even Pandya and Joseph’s system, which we believe to
be the strongest of the previous systems, would not help here, as there is no
identifiable set of header procedures as a proper subset of all procedures. In
Pandya and Joseph’s system, we must then take all procedures as the header

procedures, and thus we would devolve essentially to Sokotowski’s method.

We call this example “Cycling Termination,” first because the only issue is
termination (no interesting result is computed), and second because the structure
of the call graph reminds us of a bicycle, with its two wheels and the chain that
transfers power from the pedals to the rear wheel. This is not an inappropriate
analogy for this program, if one might imagine a bicycle with one pedal damaged
so that it could not support any pressure. When pedaling such a bicycle, one
would need to thrust hard when the good pedal was moving downward, but then
would exert no force while it was moving upwards again, and in fact would coast
during this period, depending solely on the momentum generated by the other

phase to propel you to the goal. ' This corresponds to the progress we will see

'We are grateful to Prof. D. Stott Parker for his recollection of such a damaged bicycle.
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attached to the various arcs of the procedure call graph for this program.

Here is the text of the Cycling Termination program as a goal for the VCG.

g [[ program

procedure pedal (;val n,m);
pre true;
post true;
calls pedal withn < "n /\ m = “m;
calls coast withn < "n /\ m < “m;
recurses with n < “n;

if 0 < n then

if 0 < m then
coast(;n - 1,m - 1)

else skip
fi;
pedal(;n - 1,m)

else skip

fi

end procedure;

procedure coast (;val n,m);
pre true;
post true;
calls pedal withn = "n /\ m = “m;
calls coast withn = "n /\ m < “m;
recurses with m < “m;

pedal(;n,m);
if 0 < m then
coast(;n,m - 1)
else skip
fi
end procedure;

pedal(;7,12)
end program

[ true ]
11353
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Like the odd/even program, the two procedures of this program call each
other and themselves recursively. However, unlike the odd/even program, the
progress across each of the four arcs of the graph is different. In particular, the
progress across a call from coast to pedal does not change any variables in the

program.

We do not mean to imply that this program could not be proven by prior
methods. We only suggest that our system can generate a more natural proof,
easier to create and understand. This program’s termination can be proven using,
say, Sokotowski’s method, by creating a new value parameter p which is passed
in each call, where p = 1 if the call is to coast, and where p = 0 if the call is
to pedal. Then the expression n + m + p becomes a workable recursion depth
counter, and it reliably decreases by exactly one for every call. However, we
feel that this solution is not truly natural. The introduction of a new variable
unrelated to the program’s purpose draws the user into a search for artifacts to
prove termination. This variable p essentially serves as a kind of program counter,
determining which procedure we are in at any moment. This represents control
using data, an inherent confusion of concepts. Finally, the introduction of p means
adding a quantity of new code to the program, concerned with maintaining the
proper value of p. This code is unrelated to the original purpose of the program,

and obscures that purpose on surface reading of the code.

The procedure call graph is given in Figure 8.17. Applying the graph traversal
algorithm, beginning at the node pedal, we generate the call tree in Figure 8.18,
with two undiverted recursion verification conditions, VC1 and VC2, and one

diversion verification condition, VC3.
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N N
n<n O m<m

Figure 8.17: Procedure Call Graph for Cycling Termination Program.

VC2 VC3

(Onymp. (np=ny O mp=my) O (np<1)

<— —

8

i Ongm.(np=n Om<m)Qd

— Onpmp. (np=nq O mp=my) O
Ongmy. (ng<n O mg=m) (Ongmp. (N2 =y
pedal O (n<An (<)

Onim.(n=n O0m=m0d (n1<’r\1)

A
n<n

Figure 8.18: Procedure Call Tree for root procedure pedal.
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Applying the graph traversal algorithm, beginning at the node coast, we gen-
erate the call tree in Figure 8.19, with one diversion verification condition, VC4,

and two undiverted recursion verification conditions, VC5 and V(6.

vVC4 VC5
i Ongm.(ng=n Om=m) 01

| coast (Onz mp. (N2 <y 0 mp < my)
: 0 (mp <)

Ongm.(np<n Om=m 0O VC6
(Onz M. (np <ng 0 mp < my) .
O (mp <) v

Onim.(np=n 0O m<m)
0 (m <

Onpm. (np<n Om <m0 (m<m

coast m<m

Figure 8.19: Procedure Call Tree for root procedure coast.

Applying VCG_TAC to the program correctness goal with the tracing turned on
produces the following output. In this example, we are primarily interested in
the proof of termination by analyzing the structure of the procedure call graph.
This section of the trace follows the line “Examining the structure of the

procedure call graph:” in the following transcript.
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#e (VCG_TAC) ;;
OK..
For procedure ‘pedal’,

By

By

By

By

By

By

the "CALL" rule, we have

[[ {(true /A n -1 < "n/\m
pedal(;n - 1,m)
{true} 1]

“m) /\ ('n m. true ==> true)}

the "CALL" rule, we have
[[ {¢true /A n -1< " n/\m-1< "m) /\
('nl mi.
true ==>

(true /A\n-1<"n/\m="m /\ (!nm. true ==> true))}
coast(;n - 1,m - 1)
{(true /\n-1<"n/\m

“m) /\ ('n m. true ==> true)} 1]

the "SKIP" rule, we have
[[ {(true /A n -1 < "n/\m
skip
{(true /A n-1<"n/\nm

“m) /\ ('n m. true ==> true)}

“m) /\ ('n m. true ==> true)} 1]

the "IF" rule, we have
[L{(0<m=>(true /A\n-1<"™n/\m-1< "m) /\
('n1 m1. true ==> (true /A n - 1< "n/\m= "m) /\
('n m. true ==> true))
| (true /A n -1< "n/\m="m) /\ (!nm. true ==> true))?}
if 0 < m then coast(;n - 1,m - 1) else skip fi
{(true /A n-1<"n/\m="m /\ (!nm. true ==> true)} 1]

the "SEQR" rule, we have
[L{(0<m=>(true /A\n-1<"™n/\m-1< "m) /\
('n1 m1. true ==> (true /A n - 1< "n/\m= "m) /\
('n m. true ==> true))
| (true /A n -1< "n/\m="m) /\ (!nm. true ==> true))?}
if 0 < m then coast(;n - 1,m - 1) else skip fi; pedal(;n - 1,m)
{true} 1]

the "SKIP" rule, we have
[[ {true} skip {true} 1]
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By the "IF" rule, we have
[[ {(0<n
=> (0 < m
=> (true /A\n-1<"n/\m-1< "m) /\
('n1 m1. true ==> (true /\n-1< "n /\m="m /\
('n m. true ==> true))
| (¢rue /A n-1<"n/\m="m) /\
('n m. true ==> true)) | true)’}
if 0 < n then if 0 < m then coast(;n - 1,m - 1) else skip fi;
pedal(;n - 1,m) else skip fi
{true} 1]

By precondition strengthening, we have
[[L{Cn=n/\"m=m/\ true) /\ true}
if 0 < n then if 0 < m then coast(;n - 1,m - 1) else skip fi;
pedal(;n - 1,m) else skip fi
{true} 1]
with additional verification condition
[[L{Cn=n/\"m=m/\ true) /\ true ==
(0<n=>0<m=>(true /A\n-1<"n/\m-1< "m) /\
('n1 m1.
true ==> (true /A n-1< "n /\m="m /\
('n m. true ==> true))
| (¢rue /A n-1< "n/\m="m /\
('n m. true ==> true)) | true)} 1]

For procedure ‘coast’,

By the "CALL" rule, we have
[[ {¢true /A n="n/\m-1< "m) /\ (!nm. true ==> true)?}
coast(;n,m - 1)

{true} 1]

By the "SKIP" rule, we have
[[ {true} skip {true} 1]

By the "IF" rule, we have
[[ {0 <m=> (true /A\n="n/\m-1< "m) /\
('n m. true ==> true) | true)}
if 0 < m then coast(;n,m - 1) else skip fi
{true} 1]
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By the "CALL" rule, we have
[[ {(true /A n="n/\m = "m) /\
('n1 ml. true ==> (0 < m => (true /A\n="n/\m-1 < "m) /\
('n m. true ==> true) | true))}

pedal(;n,m)
{(0 < m => (true /\ n n/\m-1<"m) /\
('n m. true ==> true) | true)} 1]

By the "SEQ" rule, we have
[[ {(true /A n="n/\m = "m) /\
('n1 ml. true ==> (0 < m => (true /A\n="n/\m-1 < "m) /\
('n m. true ==> true) | true))}
pedal(;n,m); if O < m then coast(;n,m - 1) else skip fi
{true} 1]

By precondition strengthening, we have
[[L{Cn=n/\"m=m/\ true) /\ true}
pedal(;n,m); if O < m then coast(;n,m - 1) else skip fi
{true} 1]
with additional verification condition
[[L{Cn=n/\"m=m/\ true) /\ true ==
(true /A\'n="n/\m="m) /\
('n1 ml. true ==> (0 < m => (true /A\n="n/\m-1 < "m) /\
('n m. true ==> true) | true))} 1]

Examining the structure of the procedure call graph:
Traversing the call graph back from the procedure coast:

By the call graph progress from procedure coast to coast, we have
[[ {true /\ (Iniml. n1 =n /\ml <m==>ml< "m)}
coast-<>->coast

{m < "m} 1]

Generating the undiverted recursion verification condition
[[ {true /A m = "m==> (Iniml. n1 =n /\ml <m==>ml< "m} ]]

By the call graph progress from procedure pedal to coast, we have
[[ {true /\ (!nl ml. n1 <n /\ml <m==>ml < "m}
pedal-<>->coast
{m < "m} ]]
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By the call graph progress from procedure coast to pedal, we have
[[ {true /\ (!nimi. n1 =n /\ml =m ==
('n2 m2. n2 < nl /A m2 <ml ==>m2 < "m))}
coast-<>->pedal
{'niml. n1 <n /\ml <m==>ml < "m} 1]

Generating the undiverted recursion verification condition
[[ {true /A m = "m ==
('ni1ml. n1 =n /\ml=m ==
('n2 m2. n2 < n1 /A m2 <ml ==>m2 < "m))} 1]

By the call graph progress from procedure pedal to pedal, we have
[[ {true /\ (!ni mi. n1 <n /\ml =m ==
('n2 m2. n2 < nl /A m2 <ml ==>m2 < "m))}
pedal-<>->pedal
{'niml. n1 <n /\ml <m==>ml < "m} 1]

Generating the diversion verification condition
[[ {('ntml. n1 <n /\ml<m-==>ml< "m) ==
('niml. n1 <n /\ml=m ==
('n2 m2. n2 < n1 /A m2 <ml ==>m2 < "m))} 1]

Traversing the call graph back from the procedure pedal:

By the call graph progress from procedure coast to pedal, we have
[[ {true /\ (Iniml. n1 =n /\ml =m==>nl< "n)}
coast-<>->pedal
{n < "n} 1]

By the call graph progress from procedure coast to coast, we have
[[ {true /\ (!ni mi. n1 =n /\ml < m ==
('n2 m2. n2 = n1 /\ m2 = ml ==> n2 < "n))}
coast-<>->coast
{'niml. n1 =n /\ ml =m==>n1 < "n} 1]

Generating the diversion verification condition
[[ {('ntml. n1 =n /\ml=m-==>nl< "n) ==
('ni1ml. n1 =n /\ml <m-==
('n2 m2. n2 = n1 /\ m2 =ml ==>n2 < "n))} 1]
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By the call graph progress from procedure pedal to coast, we have
[[ {true /\ (!ni mi. n1 <n /\ml < m ==
('n2 m2. n2 = n1 /\ m2 = ml ==> n2 < "n))}
pedal-<>->coast
{'niml. n1 =n /\ ml =m==>n1 < "n} 1]

Generating the undiverted recursion verification condition
[[ {true /\ n = "n ==
('niml. n1 <n /\ml <m-==
('n2 m2. n2 = n1 /\ m2 =ml ==>n2 < "n))} 1]

By the call graph progress from procedure pedal to pedal, we have
[[ {true /\ (!nl ml. n1 <n /\ml =m==>nl< "n)}
pedal-<>->pedal
{n < "n} 1]

Generating the undiverted recursion verification condition
[[ {true /A n="n ==> (niml. n1 <n/\ml=m-==>n1< "n)} 1]

For the main body,

By the "CALL" rule, we have
[[ {(true /\ true) /\ ('n m. true ==> true)} pedal(;7,12) {true} 1]

By precondition strengthening, we have
[[ {true} pedal(;7,12) {true} 1]
with additional verification condition
[[ {true ==> (true /\ true) /\ (!n m. true ==> true)} 1]

8 subgoals
"“Im "mn. (m="m) ==> ('nilml. (n1 =n) /\A\ml <m==>ml < "m)"

"'m "m n.
(m = "m) ==>
('nl mi.
(n1t =n) /A (m1 =m) ==> (In2m2. n2 < nl /\Am2<ml==>m2< "m))"

"Inm “m.
('niml. n1 <n/\ml <m==>ml < "m) ==>
('nl mi.
nli <n/\ (m1 =m) ==> ('n2 m2. n2 <nl /\ m2 <ml ==>m2 < "m))"
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"Inm “n.
('nl1 m1. (n1 =n) /\ (m1 = m) ==> nl < "n) ==>

('nl mi.
(n1 =n) /Aml <m==>(n2m2. (n2 =n1) /\ (m2 = m1) ==>
n2 < “n))"
"In “n m.
(n = "n) ==>
('nl mi.

ni <n/\ml <m==> (('n2 m2. (n2 = n1) /\ (m2 = m1) ==> n2 < “n))"

"“In nm. (n="n) ==> ('nlml. n1 <n /\ (m1 =m) ==>nl1 < "n)"

"1"nn "mmnm.
(C'n=mn) /\ Cnm
(n="n) /\ (m
('n1ml. (0O <m

m) ==>
“m)) /\
>(n="n) /\ (m-1) < ™m) | THH"

"1"nn "mmnm.
((n=n) /\ Cm=m) ==>
(0 <n =>
(0 <m=>

((n-1) <™n/\ (m-1) <™m /\
('ntml. (n-1) < n/\ (m="m)) |
(n-1)<™n/\N(m="m) |

T)n

) : void

These eight subgoals, in this order, roughly correspond to the following claims:

e The value of the recursion expression of the procedure pedal strictly de-

creases across the undiverted recursion path pedal — pedal (VC1).

e The value of the recursion expression of the procedure pedal strictly de-

creases across the undiverted recursion path pedal — coast — pedal (VC2).

e The diversion of coast in coast — coast — pedal does not interfere with
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the recursive progress of the procedure pedal (VC3).

e The diversion of pedal in pedal — pedal — coast does not interfere with

the recursive progress of the procedure coast (VC4).

e The value of the recursion expression of the procedure coast strictly de-

creases across the undiverted recursion path coast — pedal — coast (VCH).

e The value of the recursion expression of the procedure coast strictly de-

creases across the undiverted recursion path coast — coast (VC6).
e The body of procedure coast is partially correct.

e The body of procedure pedal is partially correct.

Of these eight subgoals, two have to do with syntactic structure partial cor-
rectness, four have to do with undiverted recursion, and two have to do with

diversions.

All of these subgoals are readily solved. This proof has been completed in

HOL, yielding the following theorem:
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|- [[ program
procedure pedal(;n,m);
global ;
pre true;
post true;

calls pedal withn < "n /\ m = “m;

calls coast withn < "n /\ m < “m;

recurses with n < “n;

if 0 < n

then if 0 < m then coast(;n -

pedal(;n - 1,m)

else skip

fi
end procedure;
procedure coast(;n,m);

global ;

pre true;

post true;

calls pedal with n

calls coast with n

recurses with m < “m;

pedal(;n,m);

“n /
“n /

\m =
\'m <

1,m - 1) else skip fi;

m;

if 0 < m then coast(;n,m - 1) else skip fi

end procedure;

pedal(;7,12)
end program

[true] 1]
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